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1 Combinatorics of diagonal coinvariants
$\mathbb{C}[x, y]=\mathbb{C}[x_{1}, y_{1}, \ldots,x_{n}, y_{n}]$ $2n$ $n$ $\mathfrak{S}_{n}$ $\mathbb{C}[x, y]$ $x$ $y$
$\langle \mathbb{C}[x, y]_{+}^{\mathfrak{S}_{n}}\rangle$ $\mathfrak{S}_{n}$ $0$
$\mathbb{C}[x, y]$ diagonal coinvariant $DR_{n}$
$DR_{n}:=\mathbb{C}[x, y]/\langle \mathbb{C}[x, y]_{+}^{\mathfrak{S}_{n}}\rangle$
$DR_{n}$ $x$ $y$ $DR_{n}=\oplus_{i,j\in \mathbb{N}}(DR_{n})_{i,j}$
$(DR_{n})_{i,j}$ $\mathbb{C}[x, y]$ $\mathfrak{S}_{n}$ $\mathfrak{S}_{n}$
$e_{k}$
$k$ $A$ $=\mathbb{Z}[e_{1}, e_{2}, \ldots]$ $\lambda\vdash n$
$s_{\lambda}$ Schur
$\langle-,$ $-\rangle$ : $\Lambda\otimes\Lambdaarrow \mathbb{Z}$ Hall inner product, $\mathcal{F}$ :Rep $(\mathfrak{S}_{n})arrow\Lambda$ Frobenius characteristic $DR_{n}$
bigraded Frobenius series $\mathcal{F}(DR_{n};q, t)$ $:= \sum_{i,j}t^{i}q^{j}\mathcal{F}((DR_{n})_{i,j})$ Macdonald Catalan
$C_{n}(q, t)$ $:=\langle \mathcal{F}(DR_{n};q, t),$ $s_{(1^{n})}\rangle$ $q,$ $t$-Catalan
$C_{n}(1,1)= \frac{1}{n+1}(\begin{array}{l}2nn\end{array})$ Haiman $\mathbb{C}^{2}$ Hilbert
Theorem 1 ([Hai]). $\mu\vdash n$ $\mu’$ $n( \mu)=\sum_{i}(i-1)\mu_{i},\tilde{H}_{\mu}$ modified Macdonald
$\nabla$ : $\Lambda\otimes z\mathbb{Q}(q, t)arrow\Lambda\otimes z\mathbb{Q}(q, t)$ $\nabla\tilde{H}_{\mu}=t^{n(\mu)}q^{n(\mu’)}\tilde{H}_{\mu}$
$\mathcal{F}(DR_{n};q, t)=\nabla e_{n}.$
$\dim DR_{n}=(n+1)^{n-1}$ $(n+1)^{n-1}$ parking
function parking function
$f$ : $\{1, \ldots, n\}arrow\{1, \ldots, n\}$ $\# f^{-1}(\{1, \ldots, k\})\geq k$ $1\leq k\leq n$
$DR_{n}$ bigraded Hilbert series parking function
$\mathcal{F}(DR_{n};q, t)$ parking function
Haglund, Haiman, Loehr,
Remmel, Ulyanov $\mathcal{F}(DR_{n};q, t)$ (shuﬄe
conjecture [HHLRU] $)$ . $\nabla^{m}e_{n}$ $\lambda\vdash n$
$\langle \mathcal{F}(DR_{n};q, t),$ $s_{\lambda}\rangle$
Shuﬄe conjecure $\lambda\vdash n$ Young diagram $\{(i,j)\in \mathbb{N}\cross N|$
$0\leq j<\lambda_{i+1}\}$ $\delta_{n}=(n-1, n-2, \ldots, 1,0)$ $x=(i,j)\in \mathbb{N}\cross \mathbb{N}$
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$d(x)=i+i$ $\lambda$ $\lambda\subset\delta_{n}$ $T\in$ SSYT$(\lambda+(1^{n})/\lambda)$ skew Young diagram
$\lambda+(1^{n})/\lambda$ semistandard Young tableau $T(x)<T(y)$ $\lambda+(1^{n})/\lambda$ $(x, y)\in$
$(\lambda+(1^{n})/\lambda)^{2},$ $x=(i,j),$ $y=(i’,j’)$ $T$ $d$-inversion $d(y)=d(x)$ $i>i’$ ,
$d(y)=d(x)+1$ $i<i’$ dinv$(T)$
$D_{n}(z;q, t)= \sum_{\lambda\subset\delta_{n}}t^{|\delta_{n}/\lambda|}\sum_{T\in SSYT(\lambda+(1^{n})/\lambda)}q^{dinv(T)}z^{T}$
$|\mu|$ skew Young diagram $\mu$ $z^{T}= \prod_{x\in\lambda}z_{T(x)}$
Schur positive [HHLRU] LLT
Conjecture 2 (Shuﬄe conjecture [HHLRU]).
$\nabla e_{n}=D_{n}(z;q, t)$ .
shuﬄe conjecture $A$ rational Cherednik algebra $\mathfrak{h}\subset\epsilon \mathfrak{l}_{n}$
Cartan subalgebra, $S\subset \mathfrak{S}_{n}$ reflection $\alpha_{S}\in \mathfrak{h}^{*},\check{\alpha}_{s}\in \mathfrak{h}$ $s\in S$
$c\in \mathbb{C}$ $A$ rational Cherednik algebra $H_{n,c}$ $\mathbb{C}$ $\mathfrak{h},$ $\mathfrak{h}^{*},$ $\mathfrak{S}_{n}$
$w\cdot x\cdot w^{-1}=w(x), w\cdot y\cdot w^{-1}=w(y), \forall y\in \mathfrak{h}, x\in \mathfrak{h}^{*}, w\in \mathfrak{S}_{n}$
$x_{1}\cdot x_{2}=x_{2}\cdot x_{1}, y_{1}\cdot y_{2}=y_{2}\cdot y_{1}, \forall y_{1}, y_{2}\in \mathfrak{h}, x_{1}, x_{2}\in \mathfrak{h}^{*}$
$y\cdot x-x\cdot y=\langle y$
$\sum_{s\in S}c\cdot\langle y,$
$\alpha_{S}\rangle\langle\check{\alpha}_{s},$ $x\rangle\cdot s,$ $\forall y\in \mathfrak{h},$ $x\in \mathfrak{h}^{*}$
$H_{n,c}$ $n$ $r$ $c= \pm\frac{r}{n}$ $L_{c}$
([BEG]). $L_{\underline{n}\pm,n}1$
filtration gr$*L_{\lrcorner n\underline{1},n}\otimes$ sgn $\cong DR_{n}$ ([G]).
$L_{c}$ filtration Gorsky, Oblomkov, Rasmussen, Shende
filtration ([GORS]). ﬄtration gr. $L_{c}$ bigraded Frobenius
series shuﬄe conjecture (
). [GORS] $Hom_{6_{n}}(\wedge^{*}\mathfrak{h}, gr*L_{\frac{r}{n}})$ $(n, r)$ -torus knot
Khovanov-Rozansky homology shuffie conjecture
2 Affine Springer fibers
Affine Springer fiber [KL] Fundamental Lemma
$L_{c}$ $A$ affine Springer fiber
$([V, VV])$ . shuﬄe conjecture
$A$ $F=\mathbb{C}((\epsilon))$
$\mathcal{O}=\mathbb{C}[[\epsilon]]$ $G=SL_{n}$ Borel $B\subset G$
ev: $G(\mathcal{O})arrow G(\mathbb{C})$ $\epsilon$ $0$ $I=ev^{-1}(B(\mathbb{C}))\subset G(F)$ $X=G(F)/G(\mathcal{O})$ affine
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Grassmannian, $\hat{\mathcal{B}}=G(F)/I$ affine flag variety $\mathfrak{g}=$ Lie $(G)$ $\mathfrak{g}=\mathfrak{h}\oplus\oplus_{\alpha\in R}\mathfrak{g}_{\alpha}$
$0$
$e_{\alpha}\in \mathfrak{g}_{\alpha}$ $\check{\rho}=\frac{1}{2}\sum_{d\in R+}\check{\alpha}$ $W_{aff}=$ $\langle$so, $s_{1},$ $\ldots,$ $s_{n-1}\rangle$ affine Weyl
$W=\langle s_{1},$
$\ldots,$
$s_{n-1}\rangle\cong \mathfrak{S}_{n}$ Weyl $s_{i}$ $s_{i+n}:=s_{i}$ $i\in \mathbb{Z}$ $n$
$r$ $r=mn+b,$ $1\leq b\leq n-1$ , $\mathfrak{g}(F)$ regular semisimple nil elliptic
$v$
$v:= \epsilon^{m}(\epsilon\sum_{\alpha\in R,\langle\check{\rho},\alpha\rangle=b-n}e_{\alpha}+\sum_{\alpha\in R,\langle\check{\rho},\alpha\rangle=b}e_{\alpha})$ .
$v$ affine Springer fiber
$X_{v}:=\{g\cdot G(\mathcal{O})|Ad(g)^{-1}(v)\in \mathfrak{g}(\mathcal{O})\}\subset X,$
$\hat{\mathcal{B}}_{v}:=\{g\cdot I|$ Ad$(g)^{-1}(v)\in$ Lie $(I)\}\subset\hat{\mathcal{B}}.$
$v$ regular semisimple $X_{v},\hat{\mathcal{B}}_{v}$ $v$ elliptic $X_{v}$ , $\mathcal{B}$
([KL]). $X_{v},\hat{\mathcal{B}}_{v}$ $\frac{(n-1)(r-1)}{2}$ $\pi$ : $\hat{\mathcal{B}}_{v}arrow X_{v}$
$\pi$ Springer fiber Springer theory
$H_{*}^{BM}(\hat{\mathcal{B}}_{v}, \mathbb{C})$ $W$ ([L]).
$X= \sqcup I\cdot w\cdot G(\mathcal{O})/G(\mathcal{O})$
$w\in W_{aff}/W$
$C_{w}=I\cdot w\cdot G(\mathcal{O})/G(\mathcal{O})\cap X_{v}$ $X_{v}=\sqcup_{w\in W_{aff}/W}C_{w}$
Theorem 3 ([GKM]). $C_{w}$
$\#\{(\alpha, k)\in R\cross \mathbb{Z}|0<\langle\check{\rho}, \alpha\rangle+kn<r, k<\langle\check{\lambda}, \alpha\rangle\}$
$\check{\lambda}$ $w\in\epsilon^{\overline{\lambda}}\cdot W$ X
paving
Remark 4. $\mathcal{B}$ parahoric subgroup $\ovalbox{\tt\small REJECT}_{L}’$ affine Springer fiber affine paving
$\hat{\mathcal{B}}_{v}$ Borel-Moore $H_{*}^{BM}(\hat{\mathcal{B}}_{v}, \mathbb{C})$ $H_{2i}^{BM}(\hat{\mathcal{B}}_{v}, \mathbb{C})$ $i$
filtration $i\in \mathbb{Z}\geq 0$
$X_{i,v}=\llcorner\rfloor I\cdot w\cdot G(\mathcal{O})/G(\mathcal{O})\cap X_{v}s_{i:-1}s\cdots s_{1}s_{0}\not\leq ww\in W_{aff}/W$
X Borel-Moore : $=$
$H_{*}^{BM}(\pi^{-1}(X_{i,v}), \mathbb{C})\hookrightarrow H_{*}^{BM}(\hat{\mathcal{B}}_{v}, \mathbb{C})$ $F_{0}\subset F_{1}\subset\cdots\subset F_{(n-1)(r-1)}=H_{*}^{BM}(\hat{\mathcal{B}}_{v}, \mathbb{C})$ filtration
$D_{(n,r)}(z;q, t)\in\Lambda\otimes_{\mathbb{Z}}\mathbb{Z}[q, t]$





Conjecture 5(shuffie conjecture ).
$\mathcal{F}(gr_{*}L_{\frac{r}{n}}\otimes sgn;q, t)=D_{(n,r)}(z;q, t)$ .
3 Main Theorem
$D_{(n,r)}$ $x=(i,j)\in \mathbb{N}\cross \mathbb{N}$ $r(x)=$
$rn-r(i+1)-n(j+1)$ $\delta$ $x$ $y$ $(0, r)$ $(n, 0)$
Young diagram $SL_{n}$ $Q$ $\{(x_{1}, \ldots,x_{n})\in \mathbb{Z}^{n}|\sum_{i}x_{i}=0\}$ $0$ $V^{\backslash }Q$
$\check{\lambda}$
$\mathbb{Z}_{\geq 0}^{n-1}$ $(a_{1}, \ldots, a_{n-1})$
$\check{\lambda}=(a_{n-k+1}+l, a_{n-k+2}+l, \cdots, a_{n-1}+l, l, a_{1}+l+1, a_{2}+l+1, \cdots, a_{n-k}+l+1)$
$l\ovalbox{\tt\small REJECT}$
$x$ $k$ $x_{i}=l$ $x_{i}$
$a_{i}$ $a_{n}=0,$ $a_{i+n}=a_{i}+1$ $i\in \mathbb{Z}_{\geq 0}$ $a_{i}$
$n$ $\lambda=(\lambda_{1}, \ldots, \lambda_{n})$ $\lambda_{i}=r-mi-1-a_{ib}$
Lemma 6. $w=\epsilon^{\overline{\lambda}}\cdot W\in W_{aff}/W$ $C_{w}\neq\emptyset$ $\lambda$ $\lambda\subset\delta$
$C_{w}\neq\emptyset$ $w\in W_{aff}/W$ $\lambda\subset\delta$ $\lambda$ 1 1
$w\in W_{aff}/W$ $\lambda\subset\delta$ $d(\lambda)=\dim(C_{w})$
$\lambda\subset\delta,$ $T\in SSYT(\lambda+(1^{n})/\lambda)$ $T(x)\geq T(y)$ $0<r(x)-r(y)<r$ $\lambda+(1^{n})/\lambda$
$(x, y)$ dinv’$/(T)$ [Hi]
Theorem 7 ([Hi]).
$q^{\frac{(n-1)(r-1)}{2}}D_{(n,r)}(z;q^{-1}, t)= \sum_{\lambda\subset\delta}t^{|\delta/\lambda|}\sum_{T\in SSYT(\lambda+(1^{n})/\lambda)}q^{d(\lambda)+dinv"(T)}z^{T}$
$D_{(n,n+1)}(z;q, t)=D_{n}(z;q, t)$
Remark 8. $\nabla^{m}e_{n}$ $D_{n}$ ([HHLRU]) $D_{(n,mn+1)}$
Conjecture 5 shuﬄe conjecture $D_{(n,r)}$ $\mathfrak{S}_{n}$
Frobenius series
Corollary 9 ([HHLRU]). $D_{n}(z;q, t)I$ $z$ Schur positive.
$\mathcal{F}(DR_{m};q, t)$ $q$ $t$
(1)
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Conjecture 10. (1) $D_{(n,r)}(z;q, t)=D_{(n,r)}(z;t, q)$ .
(2) $D_{(n,r+n)}(z;q, t)=\nabla D_{(n,r)}(z;q, t)$ .
$(n, r)$ (2) $\nabla^{m}e_{n}$ shuﬄe conjecture
gr$*L_{\frac{f}{n}}$ $(n, r)$ -torus knot Khovanov-Rozansky homology $n$ $r$
Theorem 11. $1 \leq k\leq\min(n, r)$
$\langle D_{(n,r)}(z;q, t), s_{(k1^{n-k}})\rangle=\langle D_{(r,n)}(z;q, t), s_{(k1^{r-k})}\rangle$
superization ([HHLRU, Hag])
Young diagram $t$ $q$
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